1. Consider a field of force whose force vector acting at any point, defined by the position vector r = (x, y, z), of a given region of space, is F = (4), t', x) . The rectangular components (), s, X) depend only on the position of the point, and are assumed to be continuous and to have continuous partial derivatives of first and second orders over the given region of space. We omit the trivial case where the force vector is identically zero for which the trajectories are all straight lines.
There is no loss in generality in assuming that a particle traveling in this field is of unit mass. Dots denote total differentiation with respect to the time t and the subscript s denotes total differentiation with respect to the arc length. Subscripts x, y, z signify partial differentiation with respect to the appropriate variable.
A system Sk of oo5 curves in the given field of force consists of curves along which a constrained motion is possible such that the osculating plane at each point contains the force vector F, and the pressure P is proportional to the normal component N of F. Thus P kN, where k $ -1. This is the extension of our previous two-dimensional theory of physical systems of curves, outlined in papers published in these PROCEEDINGS during the past two years.
The vector differential equation ofa system Sk of co space curves is k(Fr).
The important special cases of physical interest of a system Sk are (a) dynamical trajectories, k = 0; (b) general catenaries, k = 1; (c) generalized brachistochrones, k = -2; (d) velocity curves, k = c. 2. Property I. The osculating planes of all the c I curves of a system Sk which pass through a fixed point, form a pencil of planes with axis in the direction of the force vector acting at the point.
By varying k, it is found that all the co 2 curves of all possible systems Sk which pass through a given lineal element E, possess the same osculating plane and also the same torsion at E.
The curves of all possible systems Sk which pass through a given point and have the same torsion there are co3 in number. Their tangent lines through the point generate a quadric cone. By varying the torsion, we obtain a pencil of quadric cones, all of which contain the force vector F acting at the given point, and have the same tangent plane along F. This is the osculating plane of the line of force at the given point.
3. The centers of spherical curvature corresponding to the points of the curves ofa system Sk are given by the vector equation Property II. The osculating spheres of the c I curves of a system Sk passing through a given point in a given direction form a pencil. Their centers describe the straight line r8, (S -r) = 0, (1 + k)F8(S -r) -(3 + k)(Fr8) = 0. (3) By varying k, the straight linesfor all systems Sk that correspond by Property II to the lineal element E,form a parallel pencil in the plane normal to E. 4. Hold the point r = (x, y, z) fixed and vary the direction r,. The straight lines (3) 
where X is an arbitrary scalar. 5. The locus of the centers of spherical curvature of the co2 curves of a system Sk touching a given plane at a given point is a quadric surface passing through the twisted cubic curve r. If ir is a vector normal to the given plane, the quadric surface is (7r, S-r, (1 + k)G-(3 + k)F) =O.
This quadric surface (7) 6. The straight line which corresponds according to Property II, to a lineal element E belonging to a line of force is parallel to the binormal of the line of force. Its perpendicular distance from the given point is (3 + k)/-(1 + k) times the radius of curvature of the line of force. This is related to the discussion of rest trajectories and the theorem about the ratio of 1: 3 of curvatures.
